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/ 1. The IAP \

full unitary matrix

l
reduction to Hessenberg
form;
the subdiagonal contains
strictly positive numbers

l

taking a principal left upper
’ block;

\ this is not unitary anymore
l

M renormalizing  the  last

/.

column to obtain a unitary

matrix




/ 2. Orthogonal Polynomials \

e Unitary matrix U € CN*¥

e Simple eigenvalues Aq,..., Ay, eigenvectors

U1y...,UN

e Unit starting vector b

o =73 [(b,v)|%0x, (= [du=1)
Lemma 1 For every function f: T — C, we

have || f(UBI2 = [1£1? dp.

e IAP transforms U into an upper

Hessenberg matrix H
o ¢,(z):=det(zl, — H,)

Lemma 2 The polynomial ¢,, is the monic
polynomaal of degree n that is orthogonal with

respect to L.

Arnoldi minimization problem:

Minimize ||p,(U)b|| among all monic poly-

nomials p,, of degree n.




/ 3. Unitary Hessenberg Matrices \

o H==_Gi(7)" - GN_1(7N—1)GN(7N)

o |yj|<lforj=1,...,N—1and |yn|=1

e Gja) =
_Ij_l _
—a 1 —|al|?
1 — |af? o
_ In—j-1]
o Cinla) = In-1
—

e notation H = H(v1,...,7N)
o Hy=H(vi, ., V)

* on(0) =

o H ~ H, (unitary)

o Hy=H(Vn,...,Yn-1,pn) With |p,| =1
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/ 4. Para-Orthogonal Polynomials \

e reciprocal polynomial p*(z) = 2"p(1/Z2)

e para-orthogonal polynomials

Vn(z) = & (Zlfwuj@nﬁin =

, with |w,| =1

. 1—5
o if w, = pn(%), then

Y, = det(zl, — Hy,)

Isometric Arnoldi minimization prob-

lem:

Minimize ||p,(U)b|| among all monic poly-

nomials p, of degree n satisfying p,(0) =

Pn, Where p,, € T is given.

Theorem 3 The minimizer of the Isometric

Arnoldi minimization problem is unique and 1t

18 giwen by the monic para-orthogonal

polynomial 1, (z) where wy, is related to p, as

above.

Proposition 4 Let n < N. Then the zeroes of

\@bn are separated by the eigenvalues of U.
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/ 5. Theoretical Setting \

e A sequence of unitary matrices (Un)n

each of dimension N x V.

e The eigenvalues {\; n}r and orthonormal

eigenvectors {vi N}k

e A unit starting vector by € C¥ for every
N.

e The n X n unitary Hessenberg matrix f[n N
created by n steps of the IAP, with n < V.

e The characteristic polynomials v, y of
H, n.

e The eigenvalues {0y ,, v} of ﬁmN, which

are called the isometric Ritz values.

6. Potential Theory

U*(z) /log 1 du(z'),

IZ—Z’I

//log P du(z)du(2").
\ %




/ 7. Conditions \

1. There exists a probability measure o with

U? real valued and continuous such that
]\; E>noo N Z 6>‘-7 N =

2. For all £ > 0 there exists a § € (0,1) and
an Ng € N so that for all N > Ny and for
all k < N

N
H ‘)\j,N_)\k,N| > e Ve,

J=1
0<|Aj, N—A, N|<6

3. For every N, we have that ||by|| =1 and

1/N
lim ( min [(by, vk, N}\) = 1.
N—oo \1<ELN

limits: We let N and n go to oo in such
fashlon that n/N — t € (0,1). notation:
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/ 8. Results \

Theorem 5 There exists a probability measure

W, depending only on t and o, such that

n,N—oo 1
n/N—t -

0<t,ut<0, /d,utzl

S
lim — 2593.7”,]\, = ¢,
j=1

we minimizes the logarithmic energy I(u)
among all measures u satisfying 0 < tu < o and
[ du = 1. Moreover the logarithmic potential
UHt of iy 18 a continuous function on C. There

also exists a real constant F; such that

lim _[[4hn,n (Un)bn |7 = exp(—F)

n, N — o0
n/N—t

and

Utt(2) = F, for z € supp(o — tiu),
Utt(z) < Fy  for z € C.
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/ 8. Results (2) \

Theorem 6 For every (A N)N converging to
A €T and for every t € (0,1)

lim sup min|Ag, N — 9j7n7N|1/”
n,N—oo
n/N—t

< exp(UM (X)) — Fy).

We define the set

Alt,o) :={z€ T |U"(2) < F;}.

Theorem 7 For nearly every (Agy . N)N
converging to X € A(t,o) and for every
te (0,1)

lim min|)\kN7N — Hj,n,N\l/”
n,N—oco J
n/N-—t

— exp (2(U“t(A) ~ Ft)>.

- /
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/ 10. Numerical Setting \

e We fix a matrix U, hence also N.

e We let n go from 1 to IV, hence ¢t goes from
0 to 1.

11. Equilibrium measure

e Remember p; minimizes I(p) among all

measures p satisfying 0 <ty < o.

e If we minimize without constraint, we get

the equilibrium measure L.
e LT is equal to the Lebesgue measure.

e Soif tur < o, uy = pr and we can not

expect alny convergernce.

e One can show that in the region where
tur > o, tuy = o.

e At first no eigenvalues are found.

e Then tut hits o.

e So in the region with the lowest eigenvalue

\ density, eigenvalues are found first! /
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12. Numerical Experiments \
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/ 12. Numerical Experiments (2) \
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iterations
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